Advanced Methods in ML 2017 - Exercise 3

1. In this exercise we will see a case where the local marginal polytope approximation yields an exact
solution, and the graph is not a tree. Consider a set of n binary variables X1 , . . . , Xn , and a graph
with edges E that is not necessarily a tree. The MRF will be defined via pairwise functions:


0 0
θij (xi , xj ) =
(1)
0 sij
for some parameter sij > 0. The singleton functions will be:


0
θi (xi ) =
si

(2)

where si ∈ R and can be both positive or negative. It turns out that MAP for this problem can be
solved with a min-cut algorithm. Here we will show that the LP relaxation we learned in class also
solves it. The proof will proceed via the following steps.
(a) Show that the local marginal polytope relaxation (namely maxµ∈ML µ · θ ) is equivalent to the
following LP. The variables of the LP are a scalar τij for each edge ij ∈ E, and a scalar τi for
each variable. The objective is to maximize the function:
X
X
f (τ ) =
si τi +
sij τij
(3)
i
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And the constraints are:
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τij
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Hint: the variables τij and τi correspond to the local marginal polytope variables µij (1, 1) and
µi (1) respectively.
(b) We now want to show that the LP above has an optimum that has only values 0, 1 for the τ
variables. To show this, consider a solution τ that has a fractional elements. Define a new
solution z as:
zi
zij

= τi − λI(0 < τi < 1)
= τij − λI(0 < τij < 1)

where λ = mini:τi >0 τi (note this is a strict inequality, so it is the minimum non-integral value).
Show that the new z has less fractional values that τ . Convince yourself (no need to prove
explicitly) that defining λ = − mini:τi <1 (1 − τi ) will also result in a feasible solution with less
fractional values.
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(c) Show that using one of the above λ will result in a new solution such that f (τ ) ≤ f (z).
(d) Conclude that there is always an integral solution to the LP and that this solution is the exact
MAP (to make the argument complete, we still need to show that such an integral solution can
be found efficiently, but you can assume that’s the case).
(e) Now assume the pairwise marginal has four non-zero elements:


A B
θij (xi , xj ) =
C D

(4)

For simplicity assume they are the same for all ij ∈ E. Assume the singleton terms θi (xi ) can
be arbitrary. Show that if A + D − B − C > 0 then you can bring this problem to the form
with sij > 0 and si above, and therefore solve it exactly. Hint: consider transformations on the
θij , θi variables that do not change the maximizer.
2. In this question we will consider importance sampling, and conclude what the optimal proposal
distribution q should be. Recall that the importance sampling estimate of Ep [f (X)] is the random
variable:
T
1 X p(X (i) )
f (X (i) )
(5)
Z=
T i=1 q(X (i) )
(a) Show that Eqn [Z] = Ep [f (X)], where q n is the distribution sampling n IID samples of X (i)
from q(x). In such a case we say that the estimator Z is an unbiased estimate of the true
expected value.
(b) Given that Z is correct in expectation, it is interesting to consider its variance. Show that the
variance is minimized by the following distribution:
q(x) ∝ |f (x)|p(x)

(6)

Hint: Use Jensen’s inequality to show that:
i  h
i2
h
2
(X)
≥ Eq |f (X)| p(X)
• Eq f 2 (X) pq2 (X)
q(X)
Use this to show a lower bound on the variance, and show that the lower bound can be attained
with the distribution in Equation 6. Note the interesting conclusion here that p is not the optimal
proposal distribution!
3. In this question we will explore the connection between entropy maximization and MRFs.
(a) Given a set of d functions f1 (x), . . . , fd (x) and d scalars a1 , . . . , ad , denote by q(x) a distribution that has maximum entropy among all distributions that satisfy Ep [fi (x)] = ai for all i.
Prove that q(x) is any distribution of the form:
q(x) ∝ e

P

i

λi fi (x)

(7)

where λi ∈ R are such that q(x) satisfies the expectation constraints. Hint: Use Lagrange
multipliers, and ignore the constraint that p(x) is non-negative (explain why that is ok here).
(b) Given a set of marginals µij (xi , xj ) corresponding to edges ij ∈ E in a graph, show that among
all distributions p(x1 , . . . , xn ) that have the given pairwise marginals, the one maximizing the
entropy is a pairwise MRF. You may use the result from the first part of the question.
4. For a pairwise MRF, show that the partition function Z(θ) is a convex
P function of θ. Hint: show that
the Hessian is a PSD matrix by showing that it can be written as i zi ziT for some vectors zi (prove
that this indeed implies it is PSD).
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